Catastrophe risk is a major threat faced by individuals, companies, and entire economies. Catastrophe (CAT) bonds have emerged as a method to offset this risk and a corresponding literature has developed that attempts to provide a market-consistent pricing methodology for these and other long-dated, insurance-type contracts. This paper aims to unify and generalize several of the widely-used pricing approaches for long-dated contracts with a focus on stylized CAT bonds and market-consistent valuation. It proposes a loading pricing concept that combines the theoretically possible minimal price of a contract with its formally obtained risk neutral price, without creating economically meaningful arbitrage. A loading degree controls how much influence the formally obtained risk neutral price has on the market price. A key finding is that this loading degree has to be constant for a minimally fluctuating contract, and is an important, measurable characteristic for prices of long-dated contracts. Loading pricing allows long-dated, insurance-type contracts to be priced less expensively and with higher return on investment than under classical pricing approaches. Loading pricing enables insurance companies to accumulate systematically reserves needed to manage its risk of ruin in a market consistent manner.
Introduction
Long-dated contracts are essential for risk management and investment in insurance, pension funds and banking. Long-dated CAT bonds are a typical example of such contracts. This paper takes the view that classical no-arbitrage (risk neutral) pricing theory yields prices for long-dated contracts that may appear to many investors as being too expensive and yielding returns on investment that are too low. This could potentially explain why CAT bonds have only gradually been gaining popularity. A more attractive pricing approach than is currently used may supply the stimulus required for CAT bonds to gain the market share needed to cover most economic losses arising from catastrophes.
To give another indication of why a new level of pricing theory may be needed, note that under the classical pricing theory for generating the payoff of one unit of the savings account at maturity, one is advised by the Law of One Price to invest simply in one unit of the savings account. However, this is not consistent with commonly given financial planning advice: Those who are young should invest in risky securities and those who are closer to retirement should invest more in riskless securities such as the savings account. Despite the prevalence of this advice, it is unsupported by classical asset pricing theory. Nevertheless, this financial planning advice is common because it has been successful for many generations. Due to risky securities being held at the beginning of the life-cycle, the strategy provides a higher average return on investment than investing purely in riskless securities throughout a person's life.
The fact that the advice is unsupported by classical asset pricing theory matters. It matters because classical asset pricing theory makes the current price of a long-dated security with a riskless payout higher than it needs to be. It does so because the low return on investment of the riskless security determines the high price for the targeted riskless payout. Thus, classical asset pricing theory is incompatible with typical practice in financial planning, but impacts practice by being used to set prices that are higher than necessary.
There is an urgent need to consolidate this practice under a generalized pricing concept. In particular, for developed economies with low or even negative interest rates, the demand to achieve higher returns on investment for pension funds, life insurance contracts, green infrastructure funding, and long-dated insurance contracts, such as CAT bonds, has become extreme.
By avoiding the restrictive assumptions of the classical asset pricing approach, the current paper proposes the new concept of loading pricing, where the theoretically possible minimal price is combined with a formally obtained risk neutral price. A loading degree determines how much the formally obtained risk neutral price influences the loading price. We will show that there is no economically meaningful arbitrage if the loading degree is a local martingale and orthogonal to already-traded uncertainty. The loading degree represents a new and important, observable quantity for long-dated contracts. It enables the market-consistent design of contracts such as CAT bonds with higher returns on investment than previously thought. This makes these products less expensive and more attractive to long-term investors. Our new concept of loading pricing is widely applicable. We motivate it throughout the paper by the challenge of market-consistent valuation of long-dated CAT bonds.
Gradually, CAT futures and options gave way in popularity to CAT bonds, which have emerged as the leading method to offset catastrophe risk. The earliest CAT bond issuance by Svensk Exportkredit was in 1984. Recent data show outstanding issuance growing from US $3.7 billion to US $23.2 billion between 2004 and 2016, which covers over 10% of the average economic losses due to catastrophes; see Markets (2016) . CAT bonds are simple in design, and the stylized CAT bonds we will use later on for illustration are chosen to be extremely simple. Their price is contingent on insurance claims from natural catastrophes, and an enhanced yield is offered to compensate for the partial or complete loss of principal and/or coupons. The contingency value may be either the insurer's own losses (thus eliminating basis risk) or industry-wide losses, as reflected by an agreed index. A description of the design, features, former and current pricing for CAT futures, options and bonds, insurance products, and reinsurance can be found in e.g. Litzenberger et al. (1996) , Canabarro et al. (2000) , , Froot (2001) , Cummins (2008) , Cummins and Weiss (2009) , Cummins (2012) , Huynh et al. (2013) , Markets (2016) , Gibson et al. (2014) , and Gürtler et al. (2016) .
Four distinct approaches to CAT bond pricing appear to have been proposed to date. Embrechts and Meister (1997) produced a general pricing framework based on utility maximization, which included a discussion of market completeness and a caution about using standard no-arbitrage pricing methods. Aase (1999) selected a partial equilibrium framework with constant absolute risk aversion in which CAT risk was regarded as systemic. also employed equilibrium pricing theory and included a time separable utility function, while Christensen and Schmidli (2000) introduced an exponential utility model within a similar framework. Aase (2001) extended his earlier work to a competitive equilibrium approach with constant relative risk aversion. Following on from the foundational work of Bühlmann (1984 Bühlmann ( , 1985 , actuarial pricing methods were employed in Lane (2000) and Lane and Mahul (2008) , where the link between securitization of CAT risk and reinsurance is clearly noted.
Quite rapidly the strands of theory coalesced around some preference-free, no-arbitrage framework. The motivation for such an approach stems from the incomplete market framework considered in Merton (1976) . In these models, natural catastrophes have been treated as idiosyncratic risks that can be (almost) fully diversified. Subsequent pricing methods have assumed that the risk neutral probability measure has been predetermined, usually by assuming that CAT risk is orthogonal to market risk, thus avoiding complicated changes of measure. This assumption is supported by the empirical studies of Hoyt and McCullough (1999) and Cummins and Weiss (2009) , and disputed in Carayannopoulos and Perez (2015) and Gürtler et al. (2016) . Under an assumed risk neutral probability measure, stochastic processes and distributions used to price CAT bonds retain the same characteristics as under the real world probability measure. Unfortunately, calibration of these models seems all but impossible due to a lack of data. Many of the models simply propose a plausible index process, and then employ simulation in order to price and hedge CAT derivatives.
The no-arbitrage approach to reinsurance contracts was introduced in Sondermann (1991) . The first to apply risk neutral methods to CAT futures were Geman (1994, 1995) . Chang et al. (1996) developed a CAT futures options model based on a stochastic time change. Baryshnikov et al. (1998) developed a classical no-arbitrage model for CAT bonds using a compound Poisson process and a change-of-measure argument, without considering market completeness. This model was extended in Burnecki and Kukla (2003) , and used by Dassios and Jang (2003) to model stop-loss reinsurance contracts and CAT derivatives. Thereafter, various extensions of these initial works were applied to CAT futures, options, bonds, and swaps; see e.g. Geman and Yor (1997) , Loubergé et al. (1999) , Lee and Yu (2002) , Bakshi and Madan (2002) , Mürmann (2002 Mürmann ( , 2003 Mürmann ( , 2008 , Schmidli (2003) , Vaugirard (2003a Vaugirard ( ,b, 2004 , Albrecher et al. (2004) , Jaimungal and Wang (2006) , Lee and Yu (2007) , Zimbidis et al. (2007) , Biagini et al. (2008) , Egami and Young (2008) , Lin and Wang (2009 ), Jarrow (2010 , Braun (2011 ), Chang et al. (2011 ), Ma and Ma (2013 , Nowak and Romaniuk (2013) , and Jaimungal and Chong (2014) .
A literature has been growing that introduces market models that cannot be accommodated by classical no-arbitrage pricing theory. An equivalent risk neutral probability measure may not exist for many realistic models, described e.g. in Delbaen and Schachermayer (1995) , Loewenstein and Willard (2000) , Fernholz (2002) , Platen ( , 2006 , Fernholz et al. (2005) , Heath (2006), Jarrow et al. (2010) , Karatzas and Kardaras (2007) , Heston et al. (2007) , Christensen and Larsen (2007) , Fernholz and Karatzas (2009), Biagini and Cretarola (2009) , Galesso and Runggaldier (2010) , Fernholz and Karatzas (2010) , Davis and Lleo (2011), Biagini (2013) , Hulley (2010) , Ruf (2013), Biagini et al. (2014) , and Baldeaux et al. (2015) . Heath and Platen (2002) demonstrated that pricing and hedging is still possible in models that lead beyond the classical asset pricing framework. The work in and Platen and Heath (2006) suggests that, for realistic long-term modeling, one has to go beyond classical risk neutral pricing. The benchmark approach, established in Platen ( , 2006 and presented in Platen and Heath (2006) , provides a general modeling framework for pricing and hedging in incomplete markets. It can accommodate a wide range of models and pricing approaches beyond those covered by the classical risk neutral pricing approach.
Under the benchmark approach, asset prices are modeled under the real world probability measure and are typically denominated in units of the numéraire portfolio (NP); see Long (1990) . The NP is called the benchmark and any price denominated in units of the NP is the respective benchmarked price. This portfolio can be shown to yield, almost surely, the highest portfolio path in the long run and to maximize expected log-utility. This means that it is equivalent to the growth optimal portfolio, discovered in Kelly (1956) . In and Bühlmann and Platen (2003) it was pointed out that the restrictive assumption on the existence of an equivalent risk neutral probability measure can be avoided under the benchmark approach. For instance, one can perform, so called, real world pricing instead of risk neutral pricing, taking expectations using the real world probability measure and using the NP as numéraire. If an equivalent risk neutral probability measure exists for a given market model, then risk neutral pricing turns out to be equivalent to real world pricing. In a complete market, the benchmarked savings account, i.e. the savings account denominated in units of the NP, is the Radon-Nikodym derivative of the putative risk neutral probability measure. When this process is not a true martingale, the assumptions of the classical risk neutral pricing approach break down. The benchmark approach still operates in this case. In particular, real world pricing can be performed. A range of other price processes can then be formed without generating any economically meaningful arbitrage. As we will show later on, the real world price characterizes the theoretically possible minimal price, and there is significant freedom in pricing under the benchmark approach.
The hedging of long-dated, insurance-type contracts, which invariably involve not-fully-replicable contingent claims, has been a challenging task. Several approaches that deal with this problem also appear in the CAT bond literature, to which we referred earlier. Strategies that aim to deliver a not-fully-replicable contingent claim usually generate a fluctuating profit-and-loss process. The classical risk minimization approach of Föllmer and Sondermann (1986) (further developed in Föllmer and Schweizer (1989) , Schweizer (1991 Schweizer ( , 2000 , and Möller (2001)), minimizes fluctuations of discounted profit-and-loss processes by using a quadratic criterion under an assumed minimal equivalent martingale measure. Under this assumed risk neutral probability measure the resulting discounted profit-and-loss process forms a local martingale, orthogonal to discounted traded wealth. This pricing and hedging approach requires the respective Radon-Nikodym derivative, i.e. the benchmarked savings account, to be a true martingale. This is a strong assumption that has been challenged as being unrealistic; see e.g. Baldeaux et al. (2015) , Platen and Heath (2006) and Fergusson and Platen (2014) . Furthermore, it requires second moment properties, and is not easy to implement; see Heath et al. (2001) . To overcome these shortcomings, Du and Platen (2016) proposed the concept of benchmarked risk minimization, which yields the theoretically possible minimal price for a not-fully-replicable claim, where, under the real world probability measure, the benchmarked profit-and-loss is a local martingale and orthogonal to benchmarked traded wealth. When classical risk neutral assumptions are satisfied it recovers the risk neutral price obtained under the minimal equivalent martingale measure; see Schweizer (2000) . However, unlike classical risk minimization; see Möller (2001) , the resulting hedging strategy takes evolving information about the non-hedgeable part of a benchmarked contingent claim into account. Real world pricing can also be obtained via utility indifference pricing, as shown in Chapter 12 of Platen and Heath (2006) . As outlined in Du and Platen (2016) , the real world price provides a lower bound for possible prices. It can be evaluated once the NP and the benchmarked contingent claim have been identified and modeled.
Insurance companies need to control their probability of ruin and have to satisfy regulatory capital requirements. The risk premium encapsulated in market prices is variously referred to in the literature as safety, security, or contingency loading; see e.g. Bühlmann (1970) , Bühlmann (1984 Bühlmann ( , 1985 , Christensen and Schmidli (2000) , Lane (2000) , Bühlmann and Gisler (2005) , and Buchwalder et al. (2007) . These are necessary loadings to manage the risk of ruin for the insurer. It has been difficult to propose a theoretically consistent pricing concept which incorporates a loading that facilitates the accumulation of reserves in a systematic manner without significantly overpricing particular products. Furthermore, there already exists a wide range of prices that can be applied to instruments that could hedge part of an insurance-type contract, or price a similar type of contract. Finally, there is a challenge to propose a "market-consistent" valuation concept, which needs to include a loading degree from the perspective of the theoretically possible minimal price to avoid bankruptcy of the issuer.
The current paper makes the following contribution to the literature: It points out that a wide range of pricing rules is theoretically possible for not-fully-replicable contingent claims without creating any economically meaningful arbitrage. Using the benchmark approach, it identifies the theoretically possible minimal price (hereafter referred to as just the "minimal price"), as well as a formally obtained risk neutral price (hereafter referred to as just the "risk neutral price"). Using the new concept of a loading degree it combines these two prices in a manner that is consistent with the NP and other market prices. The market then has the freedom to form a loading price by choosing a respective loading degree process. We will show that the loading degree process needs to have certain properties, but can reflect behavioral effects in response to recent catastrophes or market downturns. When pricing and hedging are performed under benchmarked risk minimization, the loading degree has to be constant over time for a given contingent claim. This is an important insight from a modeling perspective hinting at ideally only slightly changing loading degrees, whereas random loading degrees introduce extra uncertainty in the market. It also provides an intuitive understanding of the ramifications of the proposed loading pricing concept. Although we motivate and illustrate the proposed loading pricing in the context of pricing and hedging long-dated CAT bonds, we emphasize that this market-consistent valuation methodology applies to many other contingencies in insurance, pension funds, financial planning, and finance.
Introduction to the Benchmark Approach
We model a semimartingale market on a filtered probability space (Ω, F, F, P ) with filtration F = (F t ) t≥0 , satisfying the usual conditions. A central notion we will frequently use is that of a local martingale; see Protter (2005) . Intuitively, one can say that over an infinitesimal time period the current value of a local martingale is the best forecast of its instantaneous future value. A special case of a local martingale is that of a martingale, where its current value is the best forecast of all its future values. Obviously, local martingale and martingale processes depend on the underlying probability measure P and the available information at time t modeled via F t , t ∈ [0, ∞). We make the following key assumption of the benchmark approach; see Platen and Heath (2006) and Du and Platen (2016) :
Assumption 1: There exists a self-financing, strictly positive portfolio, called the numéraire portfolio (NP), which is characterized by the property that it makes all self-financing portfolios of traded securities, including cum-dividend stocks, savings accounts and derivatives, local martingales when these are benchmarked, i.e., denominated in units of the NP.
This leads us into the general modeling world of the benchmark approach, where we refer to the NP as the benchmark, and to prices denominated in units of the benchmark as benchmarked prices. Assumption 1 is an extremely weak condition. In a general semimartingale market setting when assuming the existence of the NP, it has been shown in Christensen and Larsen (2007) that all benchmarked, self-financing portfolios are local martingales. With Assumption 1, we also assume the existence of the NP, which means that at any finite time it has some finite value, and does not explode. Such explosion would have to be interpreted as the presence of some economically meaningful arbitrage. As shown in Platen and Heath (2006) , the NP is the strictly positive portfolio that almost surely outperforms with its path all other strictly positive portfolios in the long run.
Under classical risk neutral, no-arbitrage pricing assumptions and in a complete market setting, it was first observed in Long (1990) that, by using the NP as numéraire, benchmarked securities and benchmarked risk neutral derivative prices become martingales under the real world probability measure P . In our much wider modeling world, we allow benchmarked prices to form local martingales. Thus, we can model benchmarked prices and securities that may not be true martingales. This opens the possibility of new phenomena to be exploited by risk management strategies. As we will explain later, these could potentially make long-dated financial contracts, such as CAT bonds, less expensive than is currently possible under classical assumptions.
Note that market participants can hold securities long or short in their portfolios. Since the benchmarked values of traded securities are local martingales, so are the benchmarked total portfolio values of market participants. This means that all these value processes are consistent with the NP through the local martingale property of their benchmarked values. This also means that there does not exist any strategy that allows for the construction of a strictly positive portfolio that outperforms the NP in the long run. In particular, it automatically excludes economically meaningful arbitrage in the sense that there might exist a strictly positive portfolio that explodes in finite time. This guides us to our second assumption:
Assumption 2: If one adds a new price process to the market, then this has to be consistent with the existing NP such that its benchmarked value is a local martingale. Consequently, the extended market then has the same NP as before, and the new price process remains consistent with the existing NP. We will see that the above local martingale property, required in Assumption 2 for new benchmarked prices, is a natural condition. It also allows us to establish properties of potential new pricing rules. By Fatou's lemma; see e.g. Protter (2005) , nonnegative local martingales are supermartingales. The current value of a nonnegative supermartigale is greater than or equal to its expected future values. Since this is a fundamental property of benchmarked, nonnegative securities, we summarize it as follows:
Corollary 1: Benchmarked, nonnegative price processes are supermartingales.
For a bounded stopping time τ ∈ [0, ∞), we call an F τ −measureable, nonnegative payoff H τ at time τ a benchmarked contingent claim if
By Corollary 1, we know that a benchmarked, nonnegative price process R Hτ = { R Hτ (t), t ∈ [0, τ ]}, valuing the benchmarked contingent claim H τ , has to be a supermartingale. This means that
for 0 ≤ t ≤ s ≤ τ < ∞. Under any reasonable pricing rule at maturity τ , the benchmarked contingent claim is observable and equal to its benchmarked price. According to Lemma 11.1 in Du and Platen (2016) , the minimal, nonnegative supermartingale that coincides at a given time τ with a given nonnegative, F τ −measureable random variable H τ is the martingale
s. This leads us to the following result:
Corollary 2: For a benchmarked contingent claim H τ , delivered at time τ ∈ [0, ∞), the benchmarked, minimal price process V Hτ is determined by the real world pricing formula
The minimal price provides us with a lower bound for price processes consistent with the NP. In Du and Platen (2016) it has been shown that this is the price that emerges in a competitive market when financial institutions eliminate all hedgeable uncertainty and fully diversify all nonhedgeable risks in their trading book without any fees being charged. The existence of the above lower bound does not force the market to agree on this minimal price. To avoid bankruptcy of issuing companies, the market needs to agree on some higher price. We will propose later on the new concept of loading pricing, where this can be done consistently.
To allow us to consider pricing and hedging systematically, we introduce in our market d ∈ {2, 3, . . .} primary security accounts with nonnegative values
in units of the domestic currency. These may include liquid cum-dividend stocks, savings accounts in given currencies, derivative price processes, and traded price processes for various contracts. For convenience, we denote by S 1 t the time t value of the savings account in the domestic currency, which, in practice, is approximated by a rolled-over, short-term bond account. The central building block of our market is the NP, which we denote by N t at time t ∈ [0, ∞) and use as numéraire or benchmark. The benchmarked value of the jth primary security account S j t , which means its value denominated in units of N t , is then denoted by
for t ∈ [0, ∞) and j ∈ {1, 2, . . . , d}. Consequently, the process S = { S t = ( S 1 t , . . . , S d t ) , t ∈ [0, ∞)} forms, according to Assumption 1, a vector local martingale. The benchmarked value S δ t at time t ∈ [0, ∞) of a portfolio that holds δ j t units of the jth primary security account, j ∈ {1, 2, . . . , d}, at time t is given by
} is called self-financing if the process δ is predictable and one has
for t ∈ [0, ∞). The stochastic integral in (3) is assumed to be a vector Itô integral; see e.g. Du and Platen (2016) . By Assumptions 1 and 2, all benchmarked self-financing portfolios are local martingales. The changes in their value are only due to changes in value of primary security accounts and not to changes in the strategy.
Let us emphasize that in our benchmark framework we have less restrictive assumptions than those imposed in classical finance. The latter have been generally characterized in Delbaen and Schachermayer (1998) to allow the application of the risk neutral pricing rule via measure transformation. In Assumptions 1 and 2, we are demanding only the existence of the NP for all traded and potential new securities. In Karatzas and Kardaras (2007) , necessary and sufficient conditions have been derived for semimartingale markets that ensure the existence of the NP. The required finiteness of the NP at finite times is a very clear and economically meaningful no-arbitrage condition. Since we are working beyond classical assumptions, this also means that we can model various phenomena and forms of classical arbitrage in our general setting that have been excluded so far under the classical approach.
Loading Pricing
As shown in Du and Platen (2016) , the real world pricing formula (2) introduces the minimal price for a given, potentially not-fully-replicable, benchmarked contingent claim H τ . We have already emphasized that a wide range of price processes can be theoretically chosen to price the claim H τ consistently with the NP. Furthermore, we need to expect that some loading will be required by the issuer of a not-fully-replicable claim in order to build up and maintain capital reserves. These reserves are needed to reduce and manage the probability of ruin of the issuer; see e.g. Bühlmann (1970) , Bühlmann (1984 Bühlmann ( , 1985 , Christensen and Schmidli (2000) , Lane (2000) , and Buchwalder et al. (2007) . The methods of pricing insurance contracts with some incorporated loading vary significantly and are often opaque. We aim to generalize at least the formally applied risk neutral pricing rule and the aforementioned real world pricing rule. Risk neutral pricing is widely practiced in the market and real world pricing provides an objective minimal price.
According to Assumption 2, we assume that we have a pricing rule for a nonnegative, benchmarked contingent claim H τ that yields a price R Hτ (t) at time t, which, when benchmarked and denoted by R Hτ (t) = R Hτ (t)/N t , forms a local martingale.
A range of prices could be theoretically possible for a given contingent claim above the minimal price V Hτ (t) at time t. By Corollary 2, the fact that V Hτ (t) = V Hτ (t)/N t forms the minimal possible supermartingale that delivers the benchmarked contingent claim H τ leads to the following result:
Corollary 3: For a nonnegative, benchmarked contingent claim H τ its minimal price V Hτ (t) and a price R Hτ (t) satisfying Assumption 2 are related by the inequality
This inequality shows that, if the two prices are not equal, then there is scope to form a family of loading prices that range from the minimal price V Hτ (t) to a more expensive price R Hτ (t). Currently, many prices in the market for short-dated, hedgeable claims are most likely set by using classical risk neutral pricing. To acknowledge this fact, we will set R Hτ (t) equal to the risk neutral price, which will be specified in the next section. Now, for a nonnegative, benchmarked contingent claim H τ , we introduce a nonnegative, predictable loading degree process L Hτ = {L Hτ t , t ∈ [0, τ ]} that is a semimartingale, left continuous with right hand limits. We form the loading price B Hτ (t) at time t ∈ [0, τ ] by the equation
By Corollary 3, we arrive directly at the following conclusion:
Corollary 4: For a nonnegative, benchmarked contingent claim H τ and loading degree process L Hτ the loading price B Hτ (t) satisfies the inequality
Recall that V Hτ (t) is the minimal price. From (4) we obtain the loading degree from the (potentially traded) loading price, the minimal price and the risk neutral price via the formula
for t ∈ [0, τ ], as long as R Hτ (t) > V Hτ (t). This makes the loading degree observable, assuming that we have a model that provides the minimal and risk neutral prices. In the case when R Hτ (t) = V Hτ (t), we set L Hτ t = 1 in (5). We can rewrite the benchmarked loading price in (4) as
To satisfy Assumption 2, it is not enough to note that R Hτ and V Hτ are local martingales. We also need B Hτ to form a local martingale.
To facilitate this, the following notion of orthogonality; see e.g. Du and Platen (2016) , will be important: Two local martingales are said to be orthogonal if their product forms a local martingale. Since V Hτ in (6) is a local martingale, and the sum of local martingales is itself a local martingale, we require here that the product L Hτ t ( R Hτ (t) − V Hτ (t)) forms a local martingale. By using the above notion of orthogonality, we directly obtain the following result:
Corollary 5: For a given benchmarked contingent claim H τ , the benchmarked loading price process B Hτ is a local martingale if the respective loading degree L Hτ t forms a local martingale, orthogonal to R Hτ (t) − V Hτ (t).
Note that this result is rather general and makes the concept of loading pricing highly tractable. One has only to check for the local martingale condition, i.e. for zero drifts in the respective stochastic differential equations under a given model. The simplest loading degree process would be a constant one. We will see later on that a constant loading degree coincides with some kind of optimal choice with respect to risk minimization because it avoids the introduction of an additional source of uncertainty through the loading degree in the market. In general, L Hτ t need not be a constant, and is, according to Corollary 5, a local martingale that fluctuates (due to orthogonality) very differently to R Hτ (t) − V Hτ (t). This means that such a fluctuating loading degree adds a new source of uncertainty to the market, which could be interpreted as the uncertainty generated by discovering the market price, e.g. via supply-and-demand or behavioral features. We note that there is significant freedom in pricing long-dated contingent claims using the concept of loading pricing. Such flexibility is not available under the classical approach, which in effect sets the loading degree to one. Later on we will see that it is possible to set the loading degree to a process with values less than one, which leads to a form of market-consistent valuation that allows less expensive contract prices. Of course, the loading degree process could also be greater than one, but not less than zero.
Formally Obtained Risk Neutral Prices
In our modeling framework of the benchmark approach we cover a wide range of models that do not have a benchmarked savings account process S 1 that forms a true martingale. In such a situation, and when we have a complete market, the Radon-Nikodym derivative Λ of the putative risk neutral probability measure Q forms a strict local martingale and there 11 does not exist an equivalent risk neutral probability measure. In this case one cannot apply the classical theory to form a theoretical risk neutral price for a given contingent claim because its key assumption, which allows the change from the real world probability measure P to the equivalent risk neutral probability measure Q, is violated.
In the absence of an equivalent risk neutral probability measure, one can still formally form risk neutral prices, which appears to be widely practiced in reality. We will now describe how we formally obtain risk neutral prices under the benchmark approach in a general incomplete market that satisfies Assumptions 1 and 2.
First, in the given real-world market model under P , set the Radon-Nikodym derivative of the putative risk neutral measure to
. This provides a model under the measure Q. Second, interpret Q as a probability measure, even though it is most likely not a probability measure under a given realistic model. This step is widely practiced when writing down the risk neutral model dynamics and assuming that its risk neutral measure is an equivalent probability measure, without having formulated the respective model under the real world probability measure. This means that the Radon-Nikodym derivative of the model is formally assumed to be a true martingale, even though this is most likely not the case, since realistic market models are likely to fail the martingale property for the benchmarked savings account, as shown in e.g. Baldeaux et al. (2015) . Third, without checking whether Λ Q forms a martingale, we formally take expectations under the risk neutral model that Q describes, and denote these by E Q ( · ). This leads us to the risk neutral price for a given nonnegative, benchmarked contingent claim H τ , captured via the risk neutral pricing formula
for t ∈ [0, τ ] with H τ = H τ N τ , assuming that the right hand side of (7) is finite.
By applying Bayes rule, it is straightforward to show that, if Λ Q t were a martingale, then the benchmarked risk neutral price R Hτ (t) = R Hτ (t)/N t would form a true martingale and would coincide with the benchmarked real world price V Hτ (t) given in (2). However, in general, R Hτ (t) forms only a local martingale; see Assumption 2, and, thus, by Fatou's Lemma, it forms a supermartingale satisfying (1).
As a convenient illustration of risk neutral pricing, consider a zero-coupon bond that pays one unit of the savings account at maturity T ∈ (0, ∞), i.e. H T = S 1 T and H T = S 1 T /N T = S 1 T . Then, by (7), the risk neutral price for this bond equals R S 1 T (t) = S 1 t , i.e. one unit of the savings account. Obviously, the nonnegative, benchmarked value of this risk neutral price is
which forms a local martingale, and, thus, a supermartingale, where the inequality (1) is satisfied.
By Corollary 3, we know that the respective (theoretically possible) minimal zero-coupon bond price V S 1 T (t) satisfies (2) and the inequality
for t ∈ [0, T ]. Because of (2), its benchmarked value V S 1 T (t) = V S 1 T (t)/N t forms a true martingale, whereas, R S 1 T (t) forms a supermartingale with the same payoff H T = S 1 T at maturity T .
To link our discussion to the pricing of CAT bonds, let us now consider the payoff of a stylized CAT bond at a fixed maturity date T , where the (savings account) discounted payoff
T is assumed to be independent of the benchmarked savings account value S 1 T , which can in turn be interpreted as being independent of the financial market. This means that its expected discounted value under Q is assumed equal to that under P , i.e. E Q (H T |F t ) = E(H T |F t ). Most importantly, despite the possibility that Λ Q may not be a true martingale, when obtaining a formal risk neutral price, Λ Q is treated as if it were a true martingale, i.e. E F t is treated as being equal to 1. Then by equation (7), and treating Λ Q as if it were a true martingale, we derive the respective risk neutral price as
On the other hand, the minimal price emerges by formula (2) as
This leads us to the following result:
Corollary 6: For (savings account) discounted contingent claims
T , delivered at a fixed maturity T , that are independent of the benchmarked savings account value S 1 T , the ratio of the risk neutral price and the minimal price equals the inverse of the (savings account) discounted, minimal price of a zero-coupon bond that pays one unit of the savings account at maturity T , i.e.,
Then, whatever independent, discounted payoff a risk neutral CAT bond has, the ratio of its risk neutral price to its minimal price is always determined by (10), and does not depend on the specification of the discounted payoff. In this case, we have a specific proportionality between risk neutral and minimal prices.
Real World and Risk Neutral Prices under the Minimal Market Model
To demonstrate the potential ratio of the risk neutral price to the minimal price in equation (10), and to illustrate how loading sensitive pricing works, we introduce the minimal market model (MMM) of Platen (2001); see also Chapter 13 in Platen and Heath (2006) . The MMM enables us to model a realistic, long-term dynamics of the NP, where the benchmarked savings account turns out to be a strict supermartingale and not a true martingale.
Under the MMM, the discounted NP, denoted by
for t ∈ [0, ∞), with initial value N 0 > 0 and where W = {W t , t ∈ [0, ∞)} is a standard Brownian motion. Here, α t denotes the exponential function of time
for t ∈ [0, ∞), with initial value α 0 > 0 and net growth rate η > 0.
From the SDE (11) and the Itô formula we can deduce that the benchmarked savings account
for t ≥ 0. This SDE is driftless, confirming that the benchmarked savings account is a local martingale, as required by Assumption 1. Since one can show that N t is a time-transformed, squared Bessel process of dimension four; see Revuz and Yor (1999) , it follows that it is a strict local martingale and we obtain the expectation
where
for t ∈ [0, ∞); see Section 8.7 in Platen and Heath (2006) for deriving (13). Since the right hand side of (13) is less than one for t < T , the benchmarked savings account is clearly not a true martingale, and only a strict local martingale. By Fatou's lemma, this makes the nonnegative, benchmarked savings account process S 1 a strict supermartingale. As a consequence, the Radon-Nikodym derivative Λ Q t = S 1 t / S 1 0 of the putative risk neutral measure Q is then also a strict supermartingale, and classical risk neutral pricing theory is, therefore, not applicable. However, we can still formally calculate the risk neutral price for a given benchmarked contingent claim (2), as described in Section 5. Additionally, we have the minimal price, as well as loading prices for given loading degrees. All of these prices are possible at the same time because their benchmarked prices are local martingales, and the best performing portfolio in the long run is the NP. This NP does remain finite in finite time and, therefore, the model does not permit any economically meaningful arbitrage.
It has been shown that the MMM is a reasonably realistic model for the NP of the stock market; see e.g. Fergusson and Platen (2014) . The volatility σ t = α t /N t of the NP in (11) models the well-observed leverage effect of equity indices in a natural way. There are key properties of the MMM that support realistic long-term modeling; as discussed in e.g. Baldeaux et al. (2015) . Furthermore, it has been shown in Platen and Heath (2006) and Platen and Rendek (2012) that the NP of the stock market can be asymptotically approximated by well-diversified equity indices. This means that a well-diversified, market capitalization weighted stock index can be interpreted as a proxy for the NP, with its dynamics modeled by the MMM.
As a convenient illustration of loading pricing, consider, as in (8) and (9), a zero-coupon bond that pays one unit of the savings account at maturity T ∈ (0, ∞), i.e. H T = H T / S 1 T = 1. The real world pricing formula (2) allows us to calculate the (savings account) discounted, minimal zero-coupon
By (13) and (15) we then obtain the expression
By (8) the respective (savings account) discounted, risk neutral price follows in the form
Then R S 1 T (t) = S 1 t denotes the risk neutral zero-coupon bond price, and
the minimal zero-coupon bond price.
Note that, due to the savings account payout at maturity in R S 1 T and V S 1 T , i.e. H T = 1, there is no need to model the interest rate, which in this illustrative example simplifies our modeling and the calculations. There is no impediment to dealing with more complicated contingent claims similarly. Under the MMM, equation (16) determines how much smaller the discounted, minimal zero-coupon bond price V S 1 T (t) is than the discounted, risk neutral price R S 1
The ratio R Hτ (t)/V Hτ (t) in (10), determines not only how much more expensive the risk neutral zero-coupon bond price turns out to be relative to the minimal zero-coupon bond price, but by Corollary 6, this ratio is the same for all contingent claims with deterministic maturity T andH T independent of S 1
T . This then also covers the case of a stylized CAT bond, as we demonstrate later on.
Let us now visualize for the MMM some of our findings when choosing the S&P500 as proxy for the NP. We are using monthly data, reconstructed from Global Financial Data, for the period from 1926 to 2015, and present in Figure 1 the logarithm of the savings account, i.e. the discounted S&P500, which we start in January 1926 with the value 10.0. We fit the parameters of the MMM in the way described in Chapter 13 of Platen and Heath (2006) . For this we note that, by the Itô formula and (11), the square root of the discounted NP satisfies the SDE d N t = 3 8
Thus, by (12) and (14), the quadratic variation of N t is given by
for t ∈ [0, ∞). This means that we observe an estimate for the quantity ρ t via the quadratic variation of N · t , with the net growth rate η as the key parameter and α 0 as some initial parameter.
In Figure 2 , we show the observed quadratic variation N · t and, by (18), the theoretically calculated ρ t . The quantities η and α 0 have been fitted by a least squares regression for ρ t , yielding the parameter estimates η = 0.052 and α 0 = 0.18. The key structural parameter is the net growth rate η, which has a clear economic meaning and can be interpreted as the long-term average growth rate of the discounted NP. In our case, where we use the S&P500 as a proxy for the NP, η represents an estimate for the long-term, average net growth rate of the US economy, which means its growth rate above the US interest rate.
We now have the parameters needed to apply the MMM to the available historical data set of the S&P500. Most interesting is the ratio of the risk neutral price of a zero-coupon bond to the respective minimal price, as described in (10). In Figure 3 , we show this ratio as a function of time to maturity (T − t), where we fix the maturity as the final date of our time series in January, 2015. By Corollary 6, this is also the ratio of the risk neutral price to that of the respective minimal price of a contingent claim when its discounted value is independent of the benchmarked savings account, which includes the case of stylized CAT bonds.
One notes that the risk neutral price is about double that of the minimal price for a time to maturity of roughly 30 years. It is important to observe that for maturities of up to 10 years there is not much difference between the respective minimal and risk neutral prices. This reflects the fact that the benchmarked savings account, as a local martingale, behaves like a martingale in the short term. If one were to employ a better performing proxy for the NP than the S&P500, e.g. the one described in Platen and Rendek (2012) , then one could expect a higher net growth rate η and, therefore, larger differences between minimal and risk neutral prices.
To illustrate loading pricing further, let us now examine a stylized CAT bond. Let, H T = 1 {ξ∈[0,T ]} ≥ 0 be the agreed discounted payout of one unit of the savings account at maturity T , in the event that a specified catastrophe has occurred at some stopping time ξ > 0 prior to T . Initiation of the contract is at t = 0, and we assume that the time ξ of the catastrophe is independent of the benchmarked savings account value S 1
T . This yields the benchmarked payoff 
T and the respective conditional expectation
where the real world conditional expectation (conditional probability)
forms a martingale.
In the case of a stylized CAT bond that pays one unit S 1 T of the savings account at time T in the event that the insured catastrophe has occurred at some time ξ prior to T or nothing otherwise, the respective minimal price is, by (2), (16) and (19) of the form
This means that the minimal price of the stylized CAT bond equals the product of the conditional probability that the catastrophe occurs prior to T and the minimal bond price.
By Corollary 6, the corresponding risk neutral price has the form
This means that R H T (t) equals the product of the previously mentioned conditional probability and the savings account value, the latter representing the risk neutral bond price.
For a given loading degree
we get the respective loading price from (4), (20) and (21) as
at time t ∈ [0, T ). One notes that the payout S 1 T 1 {ξ∈[0,T ]} is delivered at maturity T by the loading price process B H T , and its price is always larger than or equal to the minimal price.
A simple case for the loading price of a stylized CAT bond is the one for a constant loading degree L
More generally, the loading degree can be, e.g., a local martingale, independent of the event time ξ and the benchmarked savings account. This local martingale could then model the ongoing search by the market for an appropriate CAT bond price. This search would most likely be driven by competition between issuers and by supply-and-demand. It is extremely important to note that the prices of contracts or derivatives may involve a new, independent source of uncertainty, i.e. the potential randomness of the loading degree. Obviously, this potential uncertainty can even apply to fully-replicable contingent claims. This shows that there is substantial flexibility in possible price formation under the benchmark approach, without generating any economically meaningful arbitrage. Through competition and supply-and-demand one can probably expect that market prices of similar contracts are characterized by similar loading degrees. By extracting the respective typical loading degree from market prices for a range of insurance contracts, one may be able to value new contracts that are similar to the existing ones in a market-consistent fashion by using this estimated typical loading degree. Since the current paper is more conceptual in nature, we will extract loading degrees from insurance data in forthcoming work.
Hedging under the MMM
In this section we discuss hedging strategies for zero-coupon bonds. The asset allocation strategy that generates the (formally obtained) risk neutral zero-coupon bond invests its wealth fully in the savings account S 1 . This is a simple buy-and-hold strategy.
Let us describe the dynamic asset allocation, i.e. the hedging strategy, which generates the (theoretically possible) minimal zero-coupon bond. Denote as before by V S 1 T (t), the discounted minimal zero-coupon bond price, and by R S 1 T (t) = 1, the discounted risk neutral zero-coupon bond price. Then it follows from (16) that the hedge ratio for holding units in the discounted NP N t = N t /S 1 t at time t ∈ [0, T ) for hedging the minimal zero-coupon bond is
.
The self-financing hedge portfolio for V S 1 T (t) holds the remainder of the value of the minimal zerocoupon bond in the savings account. For illustration, we consider hedging the minimal zero-coupon bond with maturity in January, 2015, using the S&P500 as proxy for the NP. The fraction of wealth held in the S&P500 as a function of time is then given as
and shown in Figure 4 .
We note that for the initial 30 years this hedge portfolio invests primarily in the NP. According to formula (22) it slides over later, more and more, into the savings account. When aiming for a savings account unit payout at maturity, one can interpret the above strategy as making common financial planning advice rigorous. Recall that the widely followed financial planning advice initially suggests investing in risky securities and later more and more in fixed income securities when nearing retirement, as is shown in Figure 4 for the least expensive hedge under the given model.
For further illustration, we show in Figure 5 the logarithm of the discounted self-financing hedge portfolio with monthly reallocations for the discounted, minimal zero-coupon bond price process. It differs so little from the discounted bond price process that one would not see any difference in the plots. Obviously, the logarithm of the discounted, risk neutral bond has a constant value of zero. One notes that the discounted minimal zero-coupon bond price is initially considerably smaller than the risk neutral bond price. More precisely, as already visible from Figure 3 , for the 89-year, zero-coupon bond, the risk neutral bond price in 1926 is about 18 times larger than the minimal zero-coupon bond price.
It is straightforward to form a loading price process with a given constant loading degree. In Figure 5 , we also show the logarithm of the discounted loading price of a zero-coupon bond with a constant loading degree of L
The minimal price and with it all loading prices are consistent with the NP in the sense that they form local martingales when benchmarked. This means, if one forms the NP by using all securities, contracts and derivatives traded in the market including loading price processes, then it still emerges as the same NP that we started with. There exists, therefore, no strictly positive portfolio that outperforms pathwise the NP in the long run. This means that there is no strictly positive portfolio that generates infinite wealth out of finite initial capital in finite time. Consequently, we have no economically meaningful arbitrage. Thus, one can exploit the concept of loading pricing to analyze market prices and form market consistent prices for similar new contracts. By estimating or assuming some loading degree for a range of contracts that may be rather illiquid or difficult to evaluate we can, by using respective loading prices, evaluate even a portfolio of insurance contracts, e.g., for regulatory purposes.
Benchmarked Risk Minimization
In the previous section we considered the hedging of fully-replicable contingent claims in the case of zero-coupon bonds. Without being able to go deeper into the important question of risk minimization, let us now briefly discuss the hedging of not-fully-replicable claims. We use, as an example, the hedging of stylized CAT bonds, characterized previously by a discounted payoff H T , independent of the benchmarked savings account value S 1 T .
We first aim to price and hedge in the least expensive manner and with minimal possible fluctuations of the, so called, benchmarked profit-and-loss. This we achieve by applying the concept of benchmarked risk minimization; introduced in Du and Platen (2016) . The hedge portfolio at time t = 0 is formed with a value equal to the minimal price V H T (0) = H 0 V S 1maturity. Evolving information is ignored here until maturity. By (25) we see that evolving information about the non-hedgeable part of the claim, encapsulated here by the martingale H t , is taken into account. In practice, insurers take evolving information about catastrophes into account, e.g. by raising extra capital after severe catastrophes. Classical risk minimization ignores evolving information, whereas benchmarked risk minimization incorporates it in a natural manner.
With the above hedging strategy we have characterized the least expensive hedge with minimal fluctuations of the benchmarked profit-and-loss that delivers in the mean the targeted benchmarked contingent claim. For the large book of contracts of an insurance company with an increasing number of (sufficiently) independent, benchmarked profits-and-losses, generated by respective contracts, one can see that, due to the Law of Large Numbers, the benchmarked total profit-and-loss converges almost surely to zero; see Du and Platen (2016) . In this sense, there is asymptotically no residual, unhedgeable risk remaining. The contingent claims are then hedged in the least expensive manner and the unhedgeable uncertainty is asymptotically removed by diversification. We will discuss in the next section how this can be generalized to involve loading pricing.
Risk Minimization under Loading
The proposed loading pricing allows the issuer of a CAT bond to ask systematically for a higher price than the minimal one. In a competitive market the loading degree emerges from market prices that balance the need for insurance companies to attract customers in competition with other insurance companies, and the need to build up and maintain capital reserves to avoid ruin, caused by exposure to unhedged risk.
We emphasized already that the loading degree process has to be chosen appropriately to avoid economically meaningful arbitrage and pointed out that there is theoretically substantial scope for possible loading degree processes.
On the other hand, one would expect for economic reasons that prices in a competitive market for similar products would tend to get similar loading degrees, which hints at the potential existence of a possibly similar loading degree for a range of similar products. An issuer of CAT bonds can invest in a capital reserve the extra amount received via the loading price above the minimal price. The aggregate of this capital reserve sits on top of the sum of the minimal prices needed to deliver on average the targeted benchmarked payoffs in the insurer's book. The above benchmarked risk minimizing hedging strategy invests all extra funds in the NP.
When performing risk minimization under loading, we propose, therefore, that capital reserves should also be invested in the NP here, which benefits the growth of the company's reserves in the long run. The benchmarked profit-and-loss should also be a local martingale here, orthogonal to benchmarked traded wealth, as was the case under benchmarked risk minimization. The loading price process should remain the same as discussed in previous sections. The capital reserve collected and accumulated from charging loading prices then represents the buffer needed to prevent ruin of the insurance company. By performing this type of loading risk minimization, one minimizes the fluctuations of the benchmarked profit-and-loss, hedges the hedgeable part of contingent claims under the minimal possible expense, and consistently charges respective loading prices. Diversification of the benchmarked profits-and-losses of the contracts issued by an insurer asymptotically removes the nonhedgeable uncertainty, which has always been a prudent strategy. What the proposed risk minimization under loading does is to make the intuitive and experientially developed investment and risk management processes in insurance companies more rigorous.
Current practice and regulators may suggest slightly different strategies, in particular, strategies that may cause more and more problems by requiring capital reserves to be held in fixed income securities, the savings account, which in many countries currently have very low or even negative returns. Our loading pricing concept together with its hedging strategy allows the creation of insurance products that provide the insured with higher return on investment and the insurer with a less expensive hedging strategy than permitted under classical assumptions. Very importantly, the capital reserves are invested in the NP, the best performing portfolio in the long-run, and not in the savings account.
Similarly to benchmarked risk minimization, let us now analyze the benchmarked profit-and-loss for the stylized CAT bonds of Sections 5 to 8, when using the loading price process we established in Section 4. The key question is how to hedge such a stylized CAT bond when priced via a loading degree process such that the benchmarked profit-and-loss exhibits minimal fluctuations.
For a given benchmarked contingent claim H T , delivered at a deterministic maturity date T and priced using the loading degree process L H T (which is a local martingale orthogonal to R H T − V H T ), we assume the benchmarked loading price process B H T given by (6) and denote by δ
